Abstract. The weighted Lebesgue spaces of initial data for which almost everywhere convergence of the heat equation holds was only very recently characterized. In this note we show that the same weighted space of initial data is optimal for the heat-diffusion parabolic equations involving the harmonic oscillator and the Ornstein-Uhlenbeck operator.
Introduction
Let L be a positive second order partial differential operator on R n . Consider the following parabolic problem in the upper half plane u t (x, t) + L x u(x, t) = 0, x ∈ R n , 0 < t < T, u(x, 0) = f (x),
x ∈ R n .
For a very general class of operators L it is well known that, under mild size conditions on the initial data f , for example f ∈ L p (R n , dx), 1 ≤ p < ∞, the solution u(x, t) exists and the following limit property holds:
(1.1) lim t→0 + u(x, t) = f (x), for almost every x.
Consider next the following natural question.
Given an operator L, for which weights v the solution u exists up to a certain time T > 0 and we still have u(x, t) → f (x) almost everywhere as t → 0 + , for every function f ∈ L p (R n , v(x)dx)?
In the case of the heat equation u t = ∆u, where the solution is given by (1.2) u(x, t) ≡ W t f (x) = R n W t (x − y)f (y) dy, x ∈ R n , 0 < t < T, with W t (x) = (4πt) −n/2 e −|x| W p of weights v such that
if and only if u(x, t) exists for a time interval 0 < t < T, and lim
The class D W p is described in the following Definition 1.1 (See [6] ). Let 1 ≤ p < ∞. A weight v (a strictly positive, locally integrable function on R n ) belongs to the class D 
In this note we show that, fixed the class D W p , we can replace the solution to the heat equation W t f in the equivalence (1.3) above, by the solution of the evolution equations associated with the following operators: a) the harmonic oscillator u t = ∆u − |x| 2 u, b) the Ornstein-Uhlenbeck operator u t = ∆u − 2x · ∇u, and c) the strongly elliptic time-dependent parabolic operator
where the coefficients are bounded and measurable functions for (x, t) ∈ R n × (0, T ).
To study the almost everywhere pointwise convergence of u to f , f ∈ L p (R n ), as t → 0 + , we may consider the maximal operator sup t<T |u(x, t)|, for some 0 < T < ∞. It turns out that for the heat equation such operator is bounded from L p (R n ) into weak-L p (R n ) and, as a consequence, (1.1) is true (see, for example, the book by J. Duoandikoetxea [4, Chapter 2] and E. Damek et al. [3] ). In fact, (1.3) for the classical Laplacian L x = −∆ is contained in the following Theorem.
The following statements are equivalent: (a) There exists 0 < R < ∞ and a weight w such that the operator
There exists 0 < R < ∞ and a weight w such that the operator
n and the limit
Let us consider the parabolic problem (1.4) in c) above. Assume that the coefficients are bounded and measurable functions in R n × (0, T ) and that a ij is strongly elliptic. It was proved by D. Aronson in [2] that the fundamental solution of (1.4) satisfies upper and lower Gaussian bounds. With this it is easily seen that we can replace W t f in Theorem 1.2 above by the solution of (1.4), a fairly general parabolic equation with bounded coefficients. However, in the other cases a) and b) that we present, the potential |x| 2 and the coefficient in the drift part 2x are not bounded functions; in contrast, the coefficients in Aronson's result depend on t.
On the other hand, a naive analysis for small times of the heat kernel for the harmonic oscillator suggests that our results could be expected. Certainly there is an upper Gaussian bound, but the converse is not true. Here we find a very weak estimate from below that is enough for our purposes, see Lemma 2.3 in Section 2.
We close this circle of ideas by pointing out that the case of the Ornstein-Uhlenbeck operator may look, in a first glance, more involved due to the appearance of the underlying Gaussian measure (some partial results were obtained by Harboure et al. in [5] ). We overcome this kind of difficulties by using the transference ideas of Abu-Falahah and Torrea from [1] . The transference technique of [1] was also shown to be useful for transferring Harnack's inequalities among solutions of fractional nonlocal equations, see [9] . Moreover, we want to emphasize that the same class of weights D W p , where no Gaussian measure is involved, characterizes the almost everywhere convergence to initial data. Again our results in this case could be expected, since the underlying stochastic diffusion process (the Ornstein-Uhlenbeck process) is the classical Wiener process subject to friction. Hence one would think that for small times both processes behave in a similar manner. For more information about the Ornstein-Uhlenbeck process see P.-A. Meyer [8] .
A bit more general operators could be considered, like −∆ + |Bx| 2 or −∆ + 2Bx · ∇, for some n × n positive definite symmetric constant matrix B. To keep a clean presentation and to avoid rather cumbersome computations we just take B to be the identity matrix.
The harmonic oscillator diffusion equation
Let H := −∆ + |x| 2 be the harmonic oscillator in R n . We denote by W H t f (x) ≡ e −tH f (x) the solution to the initial value problem
We are also going to consider the operator H − n = −∆ + |x| 2 − n and the corresponding solution
Theorem 2.1. Let v be a weight in R n and 1 ≤ p < ∞. Given 0 < R < ∞, consider the operators
The following statements are equivalent:
(i) There exists 0 < R < ∞ and a weight w such that the operator
(ii) There exists 0 < R < ∞ and a weight w such that the operator
(iii) There exists 0 < R < ∞ such that W (H−n) R f (x) < ∞ for almost every x ∈ R n and the limit To prove the theorem we have to handle the fundamental solution to the harmonic oscillator diffusion equation. Let us recall that 
we arrive to 
Lemma 2.3. Let f be a nonnegative function. Then, for any x ∈ R n and 0 < s < 1,
Proof. We just have to compare the kernels in (1.2) and (2.2). Let us consider two cases. Case 1. |y| > 4|x|. Then |x − y| ≤ |x| + |y| ≤ .
The result then follows from the two estimates above and by noticing that for every 0 < s < 1 we have
Proof of Theorem 2.1. By taking into account Remark 2.2 and the change of parameters (2.1),
This last chain of inequalities and Theorem 1.2 give (vi) =⇒ (i). The implications (i) =⇒ (ii) =⇒ (iii) are obvious, just notice that the set of continuous functions ψ with compact support are dense in L p (R n , v(x) dx) and it is also well-known that lim [10, p. 85] .
(iii) =⇒ (iv). It is enough to consider f nonnegative. Let x be a point such that 
2 W H t(s) f (x). As the limit in (iii) exists, we have lim
. Hence the chain of inequalities (2.3) implies that lim t→0 + W t f (x) exists. Applying Theorem 1.2(c) =⇒ (d) we obtain that there exists 0 < R < ∞ such that W * R f (x) < ∞ a.e. x ∈ R n . Using again Remark 2.2 we get (iv).
By considering the computations above, (iv) =⇒ (v) is obvious. Let us finally prove (v) =⇒ (vi). Clearly it is enough to prove that (iv) for the operator T * R implies (vi). The chain of inequalities in (2.3) ensures that there exists a certain S R such that sup 0<s<SR W s f (x) < ∞ a.e. x ∈ R n . Therefore we can apply again Theorem 1.2(d) =⇒ (e) to have (vi).
By Theorem 2.1(iii) =⇒ (iv) we know that this implies the existence of some R such that the maximal operator sup t<R |W we have that (4) we see that this implies the boundedness of the operator O * R f (x) from L p (R n , v(x)dγ(x)) into L p (R n , w(x)dγ(x)) for some weight w. The case p = 1 follows analogously.
